We find a general characterization of rational Ramanujan-type series for 1/π via congruences. Using this criterion, we pose 55 new series for 1/π via looking for corresponding congruences. For example, we conjecture that ∞ k=0 39480k + 7321 (−29700) k T k (14, 1)T k (11, −11) 2 = 6795 √ 5 π and ∞ n=0 3n + 1 (−100) n n k=0 n k 2 T k (1, 25)T n−k (1, 25) = 25 8π , where the generalized central trinomial coefficient T k (b, c) denotes the coefficient of x k in the expansion of (x 2 + bx + c) k . Several new series in this paper involve some imaginary quadratic fields with class number 8.
Introduction
The original rational Ramanujan-type series for 1/π (cf. [1, 2, 6, 18] ) have the form where b, c, m are integers with bm = 0, d is a positive squarefree number, λ is a nonzero rational number, and a(k) is one of the products 2k k
In 1997 van Hamme [36] conjectured that such a series has a p-adic analogue of the form
where p is any odd prime with p ∤ m and λ ∈ Z p , ε 1 ∈ {±1} and ε d = −1 if d > 1. (As usual, Z p denotes the ring of all p-adic integers, and ( · p ) stands for the Legendre symbol.) W. Zudilin [40] followed van Hamme's idea to provide more concrete examples, see also [10] and [22] along this line. In 2016 the author [32] thought that all Ramanujan-type congruences have their extensions of the following style:
where p is an odd prime, n ∈ Z + = {1, 2, 3, . . .}. See Sun [33, for more such examples and further refinements involving Bernoulli or Euler numbers.
During the period 1980-2010, some new Ramanujan-type series of the form (1.1) with a(k) not a product of three parts were found (cf. [3, 4, 7, 19] [3] proved that
where D n denotes the Domb number n k=0 n k 2 2k k 2(n−k) n−k ; Zudilin [40] conjectured its p-adic analogue: Let b, c ∈ Z. For each n ∈ N = {0, 1, 2, . . .}, we denote the coefficient of x n in the expansion of (x 2 + bx + c) n by T n (b, c), and call it a generalized central trinomial coefficient. In view of the multinomial theorm, we have Note also that T 0 (b, c) = 1, T 1 (b, c) = b, and (n + 1)T n+1 (b, c) = (2n + 1)bT n (b, c) − n(b 2 − 4c)T n−1 (b, c) for all n ∈ Z + = {1, 2, 3, . . .}. Clearly, T n (2, 1) = 2n n for all n ∈ N. Those T n := T n (1, 1) with n ∈ N are the usual central trinomial coefficients which play important roles in enumerative combinatorics. We view T n (b, c) as a natural generalization of central binomial and central trinomial coefficients. It is well-known that if b, c ∈ Z with b 2 − 4c = 0 then
Via the Laplace-Heine asymptotic formula for Legendre polynomials, for any positive reals b and c we have
as n → +∞ (cf. [28] ). For any real number b and c < 0, S. Wagner [37] confirmed the author's conjecture that lim n→∞ n |T n (b, c)| = b 2 − 4c.
In 2011, the author posed over 60 conjectural series for 1/π of the following new types with a, b, c, d, m integers and mbcd(b 2 − 4c) nonzero (cf. Sun [23, 28] ).
In general, the corresponding p-adic congruences of these seven-type series involve linear combinations of two Legendre symbols. The author's conjectural series of types I-V and VII were studied in [5, 38, 41] as well as its p-adic analogue
where p is any prime greater than 3.
In this paper, we propose some new series for 1/π involving generalized central trinomial coefficients. In Section 2 will present four series for 1/π of a new type:
Unlike Ramanujan-type series given by others, all our eight-type series for 1/π have the general term involving a product of three generalized central trinomial coefficients.
For a series ∞ k=0 a k , if lim k→+∞ a k+1 /a k = r ∈ (0, 1) then we say that the series converge at a geometric rate with ratio r. Except for (6.1), all other conjectural series in this paper converge at geometric rates and thus one can easily check them numerically via a computer.
Motivated by the author's effective way to find new series for 1/π (cf. Sun [24] ), we formulate the following general characterization of rational Ramanujan-type series for 1/π via congruences. 
for some nonzero rational numbers λ 1 , . . . , λ r if and only if there are positive integers
where ε i ∈ {±1}, ε i = −1 if d i is not an integer square, and c 2 = c 3 = 0 if r = 1 and
For a Ramaujan-type series of the form (1.2), we call r its rank.
Conjecture 1.2. Let (a k ) k 0 be any integer sequence, and let b, c, m, d 1 , d 2 , d 3 ∈ Z with bm = 0. Let c 1 , c 2 , c 3 be rational numbers with c 1 + c 2 + c 3 = a 0 c. Suppose that π ∞ k=0 bk+c m k a k is an algebraic number, and
(1.5)
Joint with the author's PhD student Chen Wang, we pose the following conjecture. If π ∞ k=0 bk+c m k a k is an algebraic number, and the congruence (1.4) holds for all primes p > 3 with p ∤ d 1 d 2 d 3 m and c 1 , c 2 , c 3 ∈ Z p , then we must have the relation
(1.6)
In contrast with the above general conjectures, for the seven open conjectural series (VI1), (VI2), (VI3), (VII2) and (VII7) of Sun [23, 28] , we make the following conjecture on related supercongruences. Conjecture 1.4. Let p be an odd prime and let n ∈ Z + . If ( 3 p ) = 1, then
If p = 5, then divided by (pn) 2 is a p-adic integer.
In the following sections we pose totally 55 conjectural series for 1/π based on the author's previous Philosophy about Series for 1/π stated in Sun [24] . All the new series and related congruences support Conjectures 1.1-1.3.
Series for 1/π of Tpye VIII and Related Congruences
,
. 
1)
and this number is odd if and only if n is a power of two.
(ii) Let p = 2, 5 be a prime. Then
for all n ∈ Z + .
(iii) Let p = 2, 5 be a prime. Then 
5)
and the number is odd if and only if it is a power of two.
(ii) Let p > 3 be a prime. Then
(iii) Let p > 5 be a prime. Then
(2 for all n ∈ Z + .
(2.12)
Remark 2.4. The imaginary quadratic field Q( √ −15) has class number two.
(2.13) (ii) Let p > 5 be a prime. Then
(2.14)
If p ≡ 1, 9 (mod 20), then
(2.16)
Remark 2.5. This can be viewed as the dual of Conjecture 2.4. Note that the series ∞ k=0 1435k+1322 50 k T k (7, 1)T k (10, 10) 2 diverges.
Then
where x and y are integers.
Remark 2.6. Note that the imaginary quadratic field Q( √ −105) has class number 8.
(iii) Let p > 5 be a prime with p = 11. Then
Remark 2.7. Note that the imaginary quadratic field Q( √ −165) has class number 8.
A new kind of series for 1/π involving T k (b, c)
In contrast with the Domb numbers given by
we introduce a new kind of numbers
We may extend the numbers (S n ) n 0 further. For b, c ∈ Z, we define
Note that S n (1, 1) = S n and S n (2, 1) = D n for all n ∈ N.
.
(iii) For any prime p > 3, we have
if p ≡ 5, 7 (mod 8).
(3.10)
11)
(ii) Let p 7 be an odd prime. Then for all n ∈ Z + .
(iii) For any prime p = 2, 7, we have
where x and y are integers. and this number is odd if and only if n is a power of two.
(ii) Let p be an odd prime with p = 5. Then for all n ∈ Z + .
(iii) For any prime p = 2, 5, we have
(ii) Let p be an odd prime with p = 7. for all n ∈ Z + .
(iii) For any prime p 2, 7, we have
(ii) Let p be an odd prime with p = 5, 13. for all n ∈ Z + .
(iii) For any odd prime p = 5, 13, we have (iii) For any prime p > 3 with p = 11, we have
Conjecture 3.8. For any odd prime p,
Also, for any prime p ≡ 1 (mod 4) we have
(3.31) Conjecture 3.9. (i) For any n ∈ Z + , we have
32)
(ii) For any odd prime p and positive integer n, we have If p ≡ ±1 (mod 12), then
(iii) For any prime p > 3, we have for all n ∈ Z + .
(iii) For any prime p > 3, we have where x and y are integers.
Conjecture 3.12. Let p be an odd prime with p = 5. Then were first introduced by D. Zagier in his paper [39] the preprint of which was released in 2002. Thus we name such numbers as Zagier numbers.
J. Wan and Zudilin [38] obtained the following irrational series for 1/π involving the Legendre polynomials and the Zagier numbers:
Using our congruence approach, we find 23 rational series for 1/π involving T n (b, c) and the Zagier numbers. Theorem 1 of [38] might be helpful to solve some of them.
Conjecture 4.1. We have the following identities for 1/π.
, Below we present some conjectures on congruences related to (4.1), (4.2), (4.4) and (4.9). 
(ii) For any n ∈ Z + , we have where x and y are integers.
(ii) For any n ∈ Z + , we have
Conjecture 4.4. (i) Let p > 3 be a prime with p = 7. Then
And
(ii) For any n ∈ Z + , we have 
(ii) For any n ∈ Z + , we have Sun [25, 26] obtained some supercongruences involving Franel numbers. Wan and Zudilin [38] deduced the following irrational series for 1/π involving the Legendre polynomials and the Franel numbers:
Using our congruence approach, we find 11 rational series for 1/π involving T n (b, c) and the Franel numbers; Theorem 1 of [38] might be helpful to solve some of them.
, k .
It is known that g n = n k=0 n k f k for all n ∈ N. See [31, 12, 15] for some congruences on polynomials related to these numbers.
Wan and Zudilin [38] obtained the following irrational series for 1/π involving the Legendre polynomials and the sequence (g n ) n 0 :
Using our congruence approach, we find 10 rational series for 1/π involving T n (b, c) and g n ; Theorem 1 of [38] might be helpful to solve some of them.
Conjecture 6.1. We have the following identities.
, for all n ∈ Z + .
(iii) Let p > 7 be a prime. Then are a kind of Apéry numbers. Wan and Zudilin [38] obtained the following irrational series for 1/π involving the Legendre polynomials and the numbers β n :
Using our congruence approach, we find one rational series for 1/π involving T n (b, c) and the Apéry numbers β n (see (7.1) below); Theorem 1 of [38] might be helpful to solve it. If ( p 15 ) = 1 (i.e., p ≡ 1, 2, 4, 8 (mod 15)), then
(iii) For any prime p > 5, we have 
